Abstract. Let M be a projective toric manifold. We prove two results concerning respectively Kähler-Einstein submanifolds of M and symplectic embeddings of the standard euclidean ball in M . Both results use the well-known fact that M contains an open dense subset biholomorphic to C n .
Introduction and statements of the main results
In this paper we use the well-known fact that toric manifolds are compactifications of C n in order to prove two results, of Riemannian and symplectic nature, given by the following two theorems. These two results are proved and discussed respectively in Section 2 (Theorem 2.6) and Section 3 (Corollary 3.5).
The paper ends with an Appendix where, for the reader's convenience, we give an exposition (as self-contained as possible) of the classical facts about toric manifolds we need in Sections 2 and 3.
A Kähler potential is not unique: it is defined up to the sum with the real part of a holomorphic function. By duplicating the variables Z andZ a potential Φ can be complex analytically continued to a functionΦ defined in a neighborhood U of the diagonal containing (p, where D p (resp. D ϕ(p) ) is the diastasis of g relative to p (resp. of G relative to ϕ(p)).
In Proposition 2.3 below, we are going to require that N is a compactification of C n , or more precisely that N contains an analytic subvariety Y such that X = N \ Y is biholomorphic to C n ;
as far as the Kähler metric G on N is concerned, in addition to the requirement that G is real analytic, we impose two other conditions. The first one is Condition (A): there exists a point p * ∈ X = N \ Y such that the diastasis D p * is globally defined and non-negative on X.
In order to describe the second condition we need to introduce the concept of Bochner's coordinates (cfr. [5] , [7] , [15] , [16] ). Given a real analytic Kähler metric G on N and a point p ∈ N , one can always find local (complex) coordinates in a neighborhood of p such that
where D p is the diastasis relative to p. These coordinates, uniquely defined up to a unitary transformation, are called the Bochner's coordinates with respect to the point p.
One important feature of these coordinates which we are going to use in the proof of our main theorem is the following: 
We can then state the following 
Then any K-
Remark 2.4. The easiest example of compactification of C n which satisfies condition (A) is given by CP n = C n ∪ Y endowed with the Fubini-Study metric g F S , namely the metric whose associated Kähler form is given by
and Y = CP n−1 is the hyperplane Z 0 = 0. Indeed the diastasis with respect to p * = [1, 0, . . . , 0] is given by:
where (u 1 , . . . , u n ) are the affine coordinates, namely u j = Zj Z0 , j = 1, . . . , n. Proposition 2.3 can be then considered as an extension of a theorem of Hulin [16] which asserts that a compact Kähler-Einstein submanifold of CP n is Fano (see also [18] ).
Other examples of compactifications of C n satisfying conditions (A) and (B) are given by the compact homogeneous Hodge manifolds. These are not interesting since all compact homogeneous Hodge manifolds can be Kähler embedded into a complex projective space ( [19] ) and so we are reduced to study the Hulin's problem. We also remark that, by Proposition 2.1, condition (A) is satisfied also by all the Kähler submanifolds of the previous examples.
Proof of Proposition 2.3. Let p be a point in M such that ϕ(p) = p * , where p * is the point in N given by condition (A). Take Bochner's coordinates (z 1 , . . . , z m ) in a neighborhood U of p which we take small enough to be contractible. Since the Kähler metric g is Einstein with (constant) scalar curvature s then: ρ ω = λω where λ is the Einstein constant, i.e. λ = s 2m , and ρ ω is the Ricci form. If ω = i 2 m j=1 g jk dz j ∧ dzk then ρ ω = −i∂∂ log det g jk is the local expression of its Ricci form. Thus the volume form of (M, g) reads on U as:
where F is a holomorphic function on U and
is the diastasis on p (cfr. Proposition
2.1).
We claim that F +F = 0. Indeed, observe that
By the very definition of Bochner's coordinates it is easy to check that the expansion of log det(
in the (z,z)-coordinates contains only mixed terms (i.e. of the form z jzk , j = 0, k = 0). On the other hand by formula (3)
Again by the definition of the Bochner's coordinates this forces F +F to be zero, proving our claim. By Theorem 2.2 there exist Bochner's coordinates (Z 1 , . . . , Z n ) in a neighborhood of p * satisfying (1). Moreover, by condition (B) this coordinates are globally defined on X. Hence, by formula (3) (with F +F = 0), the m-forms 
Since Ω m m! is a volume form onM we deduce that the restriction of the projection map
toM is open. Since it is also algebraic (because the biholomorphism between X and C n is algebraic), Recall that a toric manifold M is a complex manifold which contains an open dense subset biholomorphic to (C * ) n and such that the canonical action of (C * ) n on itself by (α 1 , . . . , α n )(β 1 , . . . , β n ) = (α 1 β 1 , . . . , α n β n ) extends to a holomorphic action on the whole M (see the Appendix for more details). A toric Kähler metric ω on M is a Kähler metric which is invariant for the action of the real A self-contained proof of this proposition in given in Section A.1 of the Appendix. Now we are ready to prove the main result of this section. Proof. As we have just recalled, N is a smooth projective compactification of an open subset algebraically biholomorphic to C n . So, the Theorem will follow from Proposition 2.3 once we have shown that, for p * equal to a point N fixed by the torus action, then the conditions (A) and (B) of the statement of Proposition 2.3 are satisfied.
Let then p * ∈ N be such a point, and let ξ = (ξ 1 , . . . , ξ n ) be the system of coordinates given by the biholomorphism φ p * : X p * → C n given in Proposition 2.5 above.
Let Ω be the Kähler form associated to G and let Φ be a local potential for Ω around the origin in the coordinates ξ = (ξ 1 , . . . , ξ n ). Since X = X p * is contractible, Φ can be extended to all X (see, for example, Remark 2.6.2 in [12] ) and
is a diastasis function on all X in the coordinates ξ 1 , . . . , ξ n .
For every θ ∈ T n and ξ ∈ C n , let us denote
where the last equality follows by the invariance of Ω for the action of T n . Then, for every θ ∈ T n , the function D θ is a potential for Ω on X; moreover, it clearly satisfies the characterization for the diastasis. By the uniqueness of the diastasis around the origin, we then have
1 , . . . , e −iθnξ n ). This last equality means that D depends on the norms
function), and in particular it is immediately seen to satisfy the condition for ξ 1 , . . . , ξ n to be Bochner coordinates.
In order to show that D is non-negative, recall that, since i∂∂D is a Kähler form, D must be a plurisubharmonic function, which means that, for any a = (a 1 , . . . , a n ),
To prove the claim it will be enough to show that, for any a ∈ C n , the rotation invariant subharmonic function f a (ξ) = D(aξ) is non-negative. Now, we have
where we are denoting t = |ξ| 2 .
It follows that g(t) = tf a (t) is a non-decreasing function, and since g(0) = 0 we have 
Gromov width of toric varieties
Let us recall that the Gromov width (introduced in [13] ) of a 2n-dimensional symplectic manifold
is a positive number. Computations and estimates of the Gromov width for various examples can be found in [4] , [8] , [17] and in particular for toric manifolds in [21] .
In what follows, we are going to make some remarks about the Gromov width of toric manifolds. More precisely, let (M, ω) be a toric manifold endowed with an integral toric Kähler form ω. As it is known ( [9] , [14] ), the image of the moment map µ : M → R n for the isometric action of the real
such that the normal vectors u i to the faces meeting in a given vertex form a Z-basis of Z n . The vertices of ∆ (which, by the integrality of ω, belong to Z n ) are the images by µ of the fixed points for the action of T n on M .
As recalled in Section A.2 of the Appendix, such a polytope ∆ represents a very ample line bundle on the toric manifold X Σ associated to the fan Σ which has the u i 's as generators. Then, by the Kodaira embedding i ∆ we can embed X Σ into a complex projective space CP N −1 and endow
We have the following, important result. Notice that the existence of the transformation in SL n (Z) invoked in the statement follows from the fact that the normal vectors to the faces meeting in any vertex of the polytope form a Z-basis of Z n .
We will give a detailed proof of Proposition 3.2 in the Appendix (Proposition A.6)
It follows by Proposition 3.2 that the restriction ω ∆ of the pull-back metric i * ∆ (ω F S ) to the open subset X p is given in the coordinates ξ 1 , . . . , ξ n by i log(
Then, by combining Theorem 3.1 and Proposition 3.2, we conclude that the manifold (M, ω) has an open dense subset, say A, symplectomorphic to (C n , ω ∆ := i log(
We now estimate from above the Gromov width of (C n , ω ∆ ). We are going to use the following 
is a symplectic embedding (where
For a proof of this lemma, see Theorem 1.1 in [20] . Our result is
Proof. Let us apply Lemma 3.3 to A = C n endowed with the rotation invariant Kähler form i∂∂ log( N j=1 |ξ| 2Jj )). In the notation of the statement of the lemma, we have thenΦ = 2 log
where x = (x 1 , . . . , x n ) ∈ R n and we are denoting
and then we can embed symplectically C n (endowed with the toric form) into C n (endowed with the standard symplectic form) by (ξ 1 , . . . , ξ n ) → ∂Φ ∂x1 ξ 1 , . . . , ∂Φ ∂xn ξ n so that (C n , i∂∂ log(
is symplectomorphic to the domain D = Ψ(C n ) ⊆ C n endowed with the canonical symplectic form
. . , z n ) = z k denote the projection onto the k-th coordinate.
Then D is clearly contained in the cylinder
, and then in the cylinder
where R is the radius of any ball in the z k -plane containing π k (D). By the celebrated Gromov's non-squeezing theorem, which states that the Gromov width of C R endowed with the canonical symplectic form ω can is πR 2 , we conclude that the Gromov width of D is less or equal to πR 2 ,
where R is the radius of any euclidean ball of the z k -plane containing π k (D). In order to calculate the best value of R, notice that
(since x j = |ξ j | 2 and ξ j = √ x j e iθj ) that is the circle in R 2 of radius
where we are denoting
On the one hand, we clearly have
On the other hand, we can show that the sup is actually equal to 2 max k {(J k ) j } by setting x i = t for i = j and x j = t s , for an integer s large enough, and letting t → +∞. Indeed, after substituting x i = t for i = j and x j = t s we get the one variable function
and, if we set f k (s) = (J k ) j s + i =j (J k ) i , it is clear that there is a value of s for which the largest f k (s) is obtained for the value of k for which (J k ) j (i.e. the slope of the affine function f k (s)) is maximum. This concludes the proof.
As an immediate corollary of Theorem 3.4, we get the following Then, any ball of radius r > 2 min j=1,...,n (max
Then Lu proves in Corollary 1.4 of [21] that the Gromov width of the corresponding toric manifold is bounded from above by
in general, and by
if the polytope ∆ is Fano
1
, that is if there exist m ∈ R n and r > 0 such that
Example 3.6. Take the polytope 1 It is easy to see that this condition is equivalent to the fact that the Kähler form on the manifold represents the first Chern class of a multiple of the anticanonical bundle.
which represents a Kähler class ω ∆ on the Hirzebruch surface S 2 blown up at two points, denoted in the following byS 2 .
Notice that ∆ is of the kind {x ∈ R n | x, u k ≥ λ k , k = 1, . . . , d}, where
We first show that ∆ does not satisfy the above Fano condition (8) . Indeed, these conditions read, for m = (m 1 , m 2 ) and i = 1, 2, 3, 6,
Combining the second and the last condition we get the four possibilities (the signs have to be taken independently) −3r − 1 = +1, −3r − 1 = −1, −3r + 1 = +1, −3r . Replacing this in the third condition, and taking into account the first one, we have
which is either It is easy to see that Λ(∆) = 8π (attained for a 2 = a 4 = a 5 = 1 and a 1 = a 3 = a 6 = 0). We then get c G (S 2 , ω ∆ ) ≤ 8π, while it is easy to see that our estimate (6) yields c G (C n , ω ∆ ) ≤ 6π.
Then, Corollary 3.5 in this case states that any ball of radius strictly larger than √ 6, simplectically embedded into (S 2 , ω ∆ ), must intersect the divisor. 
At page 169 of [21] , studying the case of the projective space blown up at one point, the author applies the same estimate valid for Fano polytopes also in the case when the polytope is not Fano: by looking at the proof, it turns out that this is possible because the projective space blown up at one point is Fano and any two Kähler forms on it are deformedly equivalent (see [23] , Example 3.7). This argument cannot be used here becauseS 2 is not Fano. As told to the second author by D. Salamon in a private communication, it is not known if the same result on the equivalence by deformation holds on the higher blowups of the projective spaces CP n , with n > 2.
which, for every natural number m ≥ 1, represents a Kähler class ω ∆(m) on the projective plane blown up at three points and blown up again (at one of the new fixed points by the toric action), which we denote from now on by M . It is easy to see that Λ(∆) = 2π(6 + 2m m+1 ) (attained for a 3 = a 4 = a 7 = 1 and a 1 = a 2 = a 5 = a 6 = 0). We have then c G (M, ω ∆(m) ) ≤ 2π(6 + 2m m+1 ), while it is easy to see that our estimate (6) yields c G (C n , ω ∆(m) ) ≤ 8π for every m ≥ 1 (in fact, we need first to multiply ∆(m) by m + 1 in order to get an integral polytope for which min j=1,...,n (max k {(J k ) j }) = 4(m + 1), and then we rescale by 1 m+1 , and use the fact that c G (M, λω) = λc G (M, ω)). Then, Corollary 3.5 in this case states that any ball of radius strictly larger than 2 √ 2, simplectically embedded into (M, ω ∆(m) ), must intersect the divisor. A toric variety can be described combinatorially by means of fans of cones. In detail, by the cone σ = σ(u 1 , . . . , u m ) in R n generated by the vectors u 1 , . . . , u m ∈ Z n we mean the set We will always assume that our cones are convex, i.e. that they do not contain any straight line passing through the origin, and that the generators of a cone are linearly independent.
Notice that ∆(m) is of the kind {x ∈
The faces of a cone σ = σ(u 1 , . . . , u m ) are defined as the cones generated by the subsets of {u 1 , . . . , u m }. By definition, the cone generated by the empty set is the origin {0}.
Definition A.2. A fan Σ of cones in R
n is a set of cones such that (i) for any σ ∈ Σ and any face τ of σ, we have τ ∈ Σ;
(ii) any two cones in Σ intersect along a common face.
Let us now recall how one can construct from a fan Σ a toric variety.
. . , u kn ) ∈ Z n , be the union of all the generators of the cones in Σ.
For any cone σ = σ({u i } i∈I ) ∈ Σ, I ⊆ {1, . . . , d}, let us denote
Notice that if σ = σ(∅) is the cone consisting of the origin alone, then
σ and K Σ be the kernel of the surjective homomorphism
Definition A.3. The toric variety X Σ associated to Σ is defined to be the quotient
The importance of this construction consists in the fact that any toric variety M of complex dimension n can be realized as M = X Σ for some fan Σ in R n (see Section 1.4 in [11] ).
Notice that, by definition of K Σ , we have
n . So we have a natural action of this complex torus on X Σ given by
From now on, and throughout this section, we will assume that X Σ is a compact, smooth manifold. From a combinatorial point of view, it is known ([11], Chapter 2) that: (i) X Σ is compact if and only if the support |Σ| = ∪ σ∈Σ σ of Σ equals R n .
(ii) X Σ is a smooth complex manifold if and only if for each n-dimensional cone σ in Σ its generators form a Z-basis of Z n .
Under these assumptions, we have the following well-known result.
Proposition A.4. Let X Σ be a compact, smooth toric manifold of complex dimension n. Then, for each p ∈ X Σ fixed by the torus action (9) there exists an open neighbourhood X p of p, dense in X Σ , containing the complex torus
n and a biholomorphism φ p : X p → C n such that φ p (p) = 0 and that the restriction of the torus action (9) to X p coincides, via φ p , with the canonical action of (C * ) n on C n by componentwise multiplication. In particular, any compact, smooth toric manifold of complex dimension n is a compactification of C n .
Proof. Let σ = σ(u j1 , . . . , u jn ) be an n-dimensional cone in Σ, and let {j n+1 , . . . , j d } = {1, . . . , d} \ {j 1 , . . . , j n }. Let us consider the open dense subset
We are going to define a biholomorphism φ σ : X σ → C n . Recall that, by the assumption of smoothness, u j1 , . . . , u jn form a Z-basis of Z n , or equivalently (with a further permutation if necessary) the matrix We claim that
defines the required biholomorphism. In order to verify this, notice first that if (α 1 , . . . , α d ) ∈ K Σ then, by definition, for every k = 1, . . . , n, we have
For any α jn+1 , . . . , α j d ∈ C * , these equations give a parametric representation of K Σ , using which it is easy to see that (10) 
from which it is immediate to see that
Moreover, one sees that
where
and is the inverse of φ σ . Indeed, on the one hand it is clear that φ σ • ψ σ = id C n . On the other hand, for every
and
This proves the claim. Now, by the very definition of X σ it is clear that it contains the complex
KΣ and that X σ is invariant by the action (9) . In fact, one has φ σ
. . , a n ξ n ), which means that the action of
KΣ on X σ corresponds, via φ σ , to the canonical action of (C * ) n on C n .
As a consequence, since the only fixed point for this canonical action is the origin, we have that the only point of X σ fixed by the action of
. So X σ turns out to be a neighbourhood X p of the fixed point p which satisfies all the requirements of the statement of the Proposition.
Since the X σ 's, when σ runs over all the n-dimensional cones of Σ, cover X Σ , we get in this way all the fixed points by the torus action, and this concludes the proof of the Proposition.
A.2. Toric bundles and Kodaira embeddings. Let us recall how one constructs combinatorially the line bundles on a toric manifold X Σ . 
, which is clearly well-defined by the very definition of the equivalence relations involved.
It is known that X Σg is very ample if and only if g is strictly convex, i.e. it fulfills the following requirements:
A nice representation of the very ample line bundle p : X Σg → X Σ , encoding combinatorially both the structure of X Σ and the function g, is given by the convex polytope
where u 1 , . . . , u d are the generators of Σ.
Every k-dimensional face of ∆ g is given by the intersection of n − k hyperplanes x, u i = g(u i ), for i ∈ I ⊆ {1, . . . , d} such that {u i } i∈I generates an (n − k)-dimensional cone of Σ. In particular, the vertices of ∆ g correspond to the n-dimensional cones of Σ and then (see the proof of Proposition A.4) to the fixed points of the torus action.
Conversely, every convex polytope ∆ = {x ∈ R n | x, u i ≥ λ i , i = 1, . . . , d} with the property that the normal vectors u i to the faces meeting in a given vertex form a Z-basis of Z n determine a toric manifold together with a very ample line bundle.
We are now ready to prove the following Proposition A.6. Let p ∈ X Σ be a fixed point for the torus action and X p , φ p : X p → C n be as in Proposition A. 4 . The restriction to X p of the Kodaira embedding i g : X Σ → CP N −1 associated to X Σg writes, in the coordinates given by φ p , as Proof. For the sake of simplicity and without loss of generality, we can assume that the fixed point p corresponds (in the sense of the proof of Proposition A.4) to the n-dimensional cone of Σ generated by u 1 , . . . , u n , so that
. Given the line bundle p : X Σg → X Σ , we clearly have
An explicit trivialization f :
where, for every j = n + 1, . . . , d,
and the v jk 's are defined in the proof of Proposition A.4. Indeed, f is well defined because z n+1 , . . . , z d = 0 and because, if
by (11) in the proof of Proposition A.4.
The inverse of f is clearly given by f −1 :
which is well defined by the same arguments as above. A section of p : X Σg → X Σ is determined by a function F = F (z 1 , . . . , z d ) which satisfies
for every (α 1 , . . . , α d ) ∈ K Σ . Indeed, this is exactly the condition which assures that s : d , x i ≥ 0, which satisfy x j + g(u j ) = v j1 (x 1 + g(u 1 )) + · · · + v jn (x n + g(u n )), j = n + 1, . . . , d
where the v jk 's are defined in the proof of Proposition A.4. We will refer to this basis as the monomial basis. Let {F 0 , . . . , F N } be the monomial basis. Then, by the celebrated theorem of Kodaira, the map 
Now, since the x i 's are all non-negative integers, conditions (14) are equivalent to
where x = (x 1 , . . . , x n ), g u = (g(u 1 ), . . . , g(u n )) and for j = 1, . . . , n we are setting v j = e j (the canonical basis of R n ). Since e 1 , . . . , e n , v n+1 , . . . where (x 1 , . . . , x n ) runs over all the points with integral coordinates in ∆, as required.
Remark A.7. Notice that the transformed polytope ∆ represents, up to isomorphism, the same line bundle and the same toric manifold as ∆ g , because we are always free to apply to the fan Σ a transformation in SL n (Z) (see, for example, Proposition VII.1.16 in [2] ) and we can always add to g an integral linear function Z n → Z, which correspond to a translation of the polytope (this comes from the fact that two bundles X Σg , X Σg ′ associated to Σ-linear support functions g, g ′ on Σ are isomorphic if and only if g − g ′ : R n → R is a linear function).
In fact, it is well-known that if a toric manifold endowed with a very ample line bundle is represented by a polytope ∆, then the monomials a y1 1 · · · a yn n , for (y 1 , . . . , y n ) ∈ ∆ ∩ Z n and (a 1 , . . . , a n ) ∈ (C * ) n , give the restriction of a Kodaira embedding (associated to the given line bundle) to the complex torus (C * ) n contained in X Σ . What we have seen here in detail is exactly that this embedding can be extended to C n if the polytope has the origin as vertex and the edge at the origin is generated by the canonical basis of R n , and coincides with (16) 
